In this article we show in some detail how the full action functional of the standard model of elementary particle physics can be described within the geometrical setting of generalized Dirac operators. We thereby introduce a new model building kit for (a certain class of) gauge invariant theories which provides a unified geometrical description of Einstein's theory of gravity and Yang-Mills gauge theories on the "classical" level. Moreover, when the gauge symmetry is spontaneously broken, the Higgs sector as well has a natural geometrical interpretation. It turns out that the Higgs field is related to the gravitational potential.
Introduction
In this article we propose a certain model building kit which permits derivation of the action functional of the standard model of elementary particle physics with gravity including in terms of generalized Dirac operators. For this we introduce the following geometrical data:
where G denotes a real compact semi-simple Lie group, ρ its unitary representation on a Ndimensional hermitian vector space V and D denotes a Dirac operator acting on sections into a Clifford module bundle E := S⊗E, such that E := P × ρ V . Here, S denotes the spinor bundle over a closed compact orientable Riemannian spin manifold (M, g) without boundary and of even dimension (2n > 2); P is a G-principal bundle over M.
Having given the geometrical setting we propose the following functional
Here, res denotes the Wodzicki residue; ζ is an element of the commutant defined by (G, ρ), satisfying [ D, ζ] = [χ, ζ] = 0, ζ > 0, with χ the involution operator on E and ( , ) Γ(E) denotes the induced hermitian product on the C ∞ (M)−module Γ(E) of sections ψ into E. In our frame this functional serves as a "general action" functional.
Using this frame the main result of this paper may be summarized in the
Theorem:
There exists a natural generalization (1) 
of the Dirac-Yukawa operator of the standard model such that the functional (2) is proportional to the full action of the standard model with gravity including.
As a consequence we obtain certain relations between the parameters involved. Especially, the mass of the Higgs field m h is a function of the fermion masses. In the most general case the range for the electroweak angle θ w reads: 0.25 ≤ sin 2 θ w ≤ 0.45 .
In the case where all irreducible subspaces of the fermion representation are equally weighted we obtain the GUT preferred relations sin 2 θ w = 3/8,
where, respectively, g (3) and g (2) are the strong and weak coupling constants. Of course, all derived relations are expected to be scale dependent and thus the corresponding renormalization flux must be carefully taken into account. We stress that the corresponding hypercharges of the particles involved in the model are fixed when the electrical charges are assumed to be known. The model building kit as defined by the generalized Dirac operator (1) and the universal action (2) is motivated by the assumption that the basic objects in nature are fermions and that their dynamics is described by Dirac's equation. Then, the appropriate dynamics of the various fields involved in the definition of the fermionic interactions should be a consequence of the latter and not independent thereof. Mathematically, this may be rephrased as follows: when fermions are geometrically described by sections into a twisted spinor bundle, the most natural operator acting on those objects is a Dirac operator. A Dirac operator, however, is but a Clifford superconnection (i.e. a certain generalization of a connection) defined by (homomorphism-valued) differential forms of various degrees. Then, fixing the admissible fermionic interactions geometrically means to fix the admissible differential forms defining a certain superconnection and thus a certain Dirac operator. The idea of the kit, proposed here, is that the functionals leading to the field equations of the differential forms defining the Dirac operator are not arbitrary but determined by this operator. As it turns out, this idea not only permits a geometrical understanding of the Higgs action but also a new geometrical interpretation of the Einstein-Hilbert and Yang-Mills functional (I EH , I Y M ). Indeed, from this point of view the former occures -in a sense -as a natural "companion" of the latter and both are "consequences" of the fermionic interaction. In this (classical) description of particle physics the a priori assumption of a flat spacetime seems artificial. To make this more clear, let us assume we consider a "free" fermion. From a geometrical viewpoint, such an object may be considered as a section into a twisted spinor bundle, where now the twisting part is assumed to posess a trivial connection. Nevertheless, the Clifford module bundle may be non-flat. Indeed, the fermion carries energy and thereby produces a non-trivial gravitational field. Hence, the corresponding spin connection is non-trivial in general. Of course, under "normal" conditions the energy of an elementary particle is so weak that the appropriate gravitational field cannot be measured. From our point of view this simply means that in the particular case at hand the energy-momentum tensor -defined by the Dirac action -is ignorable with respect to any inertial frame and, therefore, spacetime becomes approximately flat. Though this is usually accepted by physicists the point here is that the functional I D fixes the energy-momentum tensor. Consequently, in our approach a vanishing Einstein tensor a priori makes no sense. This can strictly hold iff there are no fermions in the world (what ever such a world looks like!). Next, let us consider the case when the fermion becomes massive. Then, the interaction with the Higgs field must be taken into account. As it turns out, geometrically, the Higgs field defines a certain connection on the Clifford module bundle where the fermions live in. The corresponding curvature is non-zero, even in the case when the Higgs field represents a (classical) non-trivial vaccum. Of course, since the energy-momentum of the Higgs field is non-zero, spacetime must be curved as well. Note that this holds true even in the case when the world "sits in the (classical) vaccum". We stress that in our scheme the Higgs field seems intimately related to gravity. Of course, we are only considering classical field theory and one may object that on the level of elementary particles quantum theory has to be taken into account and then gravity may look completely different than described by Einstein's equation. However, as a "first step" towards a real understanding of the interplay between gravity and particle physics it might be useful to have a unified geometrical description of all interactions on the level of the classical field equations known so far.
Mathematically, it is evident that the action (2) is gauge invariant. Hence, our kit provides a general scheme for building (a certain class of) gauge invariant theories. It therefore might be worth remembering the input of a general Yang-Mills model and to compare both building kits, correspondingly,. Here, we adopt the notation as given in [1] .
The input of a general Yang-Mills model consists of the following data:
1. a finite dimensional real, compact Lie group G, 
. an action functional
Usually, it is assumed that spacetime is flat, so that I EH is ignored. In particular, the standard model is defined by
with three coupling constants (g (3) , g (2) , g (1) );
where (n 3 , n 2 , n 1 ) denote the tensor product, respectively, of an n 3 dimensional representation of SU(3), an n 2 dimensional representation of SU(2) and a one dimensional representation of U(1) with "hypercharge" y: ρ(e iθ ) := e iyθ , y ∈ Q, θ ∈ [0, 2π[;
with λ, µ > 0. There are 27 Yukawa coupling constants which, however, are not all independent. In fact, the standard model can be parametrized by 18 constants, c.f. [2] .
The full action functional (i.e. with gravity including) in the usual description of the standard model (N=3) reads
The traces in the definition of the Yang-Mills action (10) are taken with respect to the corresponding fundamental representations of SU(3) and SU (2) . Note that M denotes a Riemannian manifold, which explains the occurence of the apparently wrong relative sign in front of the Higgs potential and the occurence of γ 5 in the Yukawa coupling term (9) .
In contrast to a general Yang-Mills model our proposed kit (1) -(2) has the following input:
1. a finite dimensional real, compact Lie group G, Like in the "non-commutative approach" as introduced by Connes and Lott (c.f. [3] , [4] ), the Higgs representation is not arbitrary but has to lie within the fermionic representation, symbolically: ρ h ⊂ ρ f . In fact, this has significant consequences with respect to the relations between the various parameters involved in the model. Hence it might not be come as a surprise that there are certain similarities between the Connes-Lott model and the model introduced here in this respect (see below). Of course, the mathematical background is quite different.
We mention that with respect to our physical interpretation it is quite natural that all fields involved in the model carry the same representation.
Concerning the standard model, the Dirac operator D ≡D φ is defined by a generalization of the Dirac-Yukawa operator D φ . It is well-known that the Yukawa coupling (9) together with the (standard) Dirac operator D defining (8) can be considered as a new Dirac operator D φ -the Dirac-Yukawa operator. The main feature, then, is that this Dirac operator is a "non-standard" Dirac operator (i.e. not associated with a Clifford connection, see below). In fact, such Dirac operators will play a key role in our geometrical description of the standard model. Correspondingly, we shall discuss those operators in some detail in the first part of our paper, which is totally concerned with the mathematical frame of our model. Though the larger portion of part 1 is actually not new and may be found in much more detail, e.g., in [11] we nevertheless summarize the basic mathematical notions in order for our paper to be self-contained and to permit full understanding of the issue also for those who are not familiar with the notion of non-standard Dirac operators. Also, we have emphazised the relations between non-standard Dirac operators and connections on a (general) Clifford module bundle. This is of technical significance and, moreover, explains how the Higgs field yields a certain connection on a Clifford module bundle. In part two we introduce a certain generalization of the Dirac-Yukawa operator and prove our main theorem. Moreover, we also investigate the "phenomenological" concequences of our scheme with respect to the standard model. Finally, we mention some similarities to the Connes-Lott model (c.f. [3] , [4] and, concerning the new approach, [9] , [13] ). We conclude this paper with an outlook.
Before we start to describe the mathematical frame of our model building kit, however, some remarks concerning its similarity to the Connes-Lott approach to the standard model seem appropriate. Obviously, our notion of a generalized Dirac operator, as defined by (1), is similar to Connes' notion of a "spectral triple". Needless to say that the latter notion is more profound, mathematically, since it offers the possibility of "new mathematics", like Connes' non-commutative geometry, c.f. [4] . Also, the idea to derive specific functionals, such as in the case of the standard model of particle physics, from a "universal functional" must go back to Connes. For example, in the Connes-Lott approach to the standard model the Dixmier trace serves as the general action functional, c.f. [4] , [3] . In a sense this trace can be considered as a special case of the more general Wodzicki residue. Unfortunately, using the Dixmier trace as the universal action functional it seems hard to derive both the Einstein-Hilbert and the Yang-Mills (-Higgs) action in one stroke (for the pure EH-functional see [6] ). Infact, in the Connes-Lott description of the standard model the geometric information contained in the Dirac operator is lost. But as Connes has remarked the Wodzicki residue of D −2n+2 with D a Standard Dirac operator (see below) becomes proportional to the Einstein-Hilbert action of gravity, c.f. [5] .
However, this time the geometrical information contained in the Yang-Mills potential is lost. This follows immediately from D being a Standard Dirac operator (see below). As a natural question one may ask whether it is possible to derive the full action functional (EHYMHaction) by considering "non-standard" Dirac-operators. In [10] this has been investigated and affirmatively answered in the case of the Einstein-Hilbert-Yang-Mills functional . In the case of the full action of the standard model and with gravity included the above question was investigated in [21] . However, in this work there is a mistake. Infact, the definition of the Dirac-Yukawa operator is wrong and as a consequence the derived functional does not coincide with the action functional of the standard model. As we shall show in the paper at hand, however, by using the right definition of the Dirac-Yukawa operator the properly corrected generalized Dirac-Yukawa operator proposed in [21] is but a special case of the generalized Dirac-Yukawa operator introduced in part two of our paper and which infact gives rise to the full action of the standard model. Though the basic idea of our kit is already introduced in [21] , and which indeed affirmatively answers the above mentioned question, the scheme in [21] , however, is still not general enough to discuss physical implications of the proposed model building kit. This is because in [21] neither the considered Dirac operator -even if properly corrected -nor the proposed universal action functional is general enough. Both has been remedied in this article.
Part 1: The mathematical frame
The geometrical setting which we propose in order to describe gauge theories is that of a Clifford module bundle (E, c) over a Riemannian manifold (M, g) of even dimension. Within this setting there exists a distinguished class of operators called generalized Dirac operators 2 . We therefore start with a brief review on the notion of Clifford modules and generalized Dirac operators. More details of this issue can be found, e.g., in [11] . Afterwards we shall discuss in some length how a given generalized Dirac operator (1) determines a particular functional
To get started, let us denote by (M, g) a smooth, closed compact Riemannian (spin) manifold without boundary and of even dimension: dim(M) ≡ m := 2n(> 2). Moreover, let
Lemma 2: Let c be the linear mapping (28) 
Proof:
we get p 2 = p and thus
with q := 1 − p. Restricting the linear mapping (28) to Ω 1 (M, End + (E)) yields the identities
Since δ ξ is a right inverse of c we have: ker(c) ⊂ im(q). Moreover, for all α ∈ im(p) with c(α) = 0 (34) implies α ≡ 0. Hence
The statement follows from
and we are done.
Note that actually we have shown that the sequence:
is exact and splits. Also, in this case the kernel of the mapping (28) becomes explicit.
Definition 3: Two connections ∇ E ,∇ E ∈ A(E) are defined to be equivalent iff
By the preceding Lemma this is equivalent to
Therefore, any Dirac operator D ∈ D(E) is uniquely associated with an equivalence class of
Remark 4: LetD ∈ D(E) be a given Dirac operator on E. Then,
defines a connection on E, so that
where ∇ E ∈ A(E) denotes any connection on E. Clearly, this ambiguity simply reflects that
is an affine space and thus a given Dirac operatorD ∈ D(E) may be decomposed in infinitely many ways likeD Proof:
. By assumption, we have
where {e µ } 1≤µ≤m is a local orthonormal frame. Hence, A µ = 0, ∀ µ = 1, · · · , m which proves the lemma.
We therefore have shown that the class of connections defining a SDO on E admits a canonical representative. In what follows we shall always denote by D ∈ D(E) a SDO and by ∇ E ∈ A Cl (E) the appropriate Clifford connection, so that D = D ∇ . In contrast, byD ∈ D(E) and∇ E ∈ A(E), respectively, we denote an arbitrary Dirac operator and connection on E.
LetD ∈ D(E) be an arbitrary Dirac operator on the Clifford module bundle E and let
Then, in [10] it is shown that (see also [14] )
Here, respectively, the connection∇ ∈ A(E) and the endomorphism F∇ E ∈ Γ(End(E)) are defined by∇ E :=∇ E + ω∇E and (46)
where the one form ω∇E ∈ Ω 1 (M, End + (E)) is locally given by
The Γ's denote the Christoffel symbols defined by the metric g.
Lemma 4:
The endomorphism F∇ E defined in (47) is independent of the representativẽ
the class of connections defining the Dirac operatorD.
Proof: To prove this lemma we introduce the affine mapping
on A(E) and show that this mapping is well-defined on A(E)/ ker(c). Let [∇ E ] be the equivalence class of connections defining the given Dirac operatorD ∈ D(E) and denote by∇ E ,∇ ′E ∈
[∇ E ] two representatives of this class. Hence, α :=∇ E −∇ ′E ∈ ker(c) and with respect to a local orthonormal frame we obtain
where i µ is the inner derivative with respect to the local vector field e µ and [ , ] + means the anti-commutator. Consequently, the map:D → △∇ E , with∇ E given by (46), is well-defined.
Hence the endomorphism F∇ E =D 2 − △∇ E only depends on the Dirac operatorD ∈ D(E) which proves the lemma.
Corollary 1: The endomorphism F∇ E ∈ Γ(End(E)) does not depend on the decomposition (44).
In particular, it does not depend on the chosen Clifford connection ∇ E .
Proof: By the preceding lemma 4 the proof is obvious.
Remark 5:
The corresponding linear part of the affine map (49) has a non-trivial kernel; especially we get
In this case the decomposition of the square of the appropriate SDO is but the usual Lichnerowicz formula and the endomorphism F takes its well-known form
where r M is the Ricci scalar curvature on the base manifold M and
1 End Cl (E) denotes the relative curvature on the Clifford module bundle E. Since in this particular case the relative curvature only depends on the connection on the twisting part of the Clifford module bundle E, F E/S is also called the twisting curvature.
We now turn to the notion of superconnections which can be considered as a generalization of connections on a Z 2 −graded vector bundle. As it is well-known superconnections permit to generalize the one two one correspondence between SDO and Clifford connections to arbitrary Dirac operators and Clifford superconnections on a Clifford module bundle. Hence, there is no essential difference between talking about Dirac operators and Clifford superconnections. We therefore call into mind the following Definition 5: A superconnection on a Z 2 −graded vector bundle E is any odd first order differential operator
satisfying the generalized Leibniz rule
for all λ ∈ Ω * (M) and α ∈ Ω * (M, E). If in addition E denotes a Clifford module bundle and the superconnection fulfils
it is called a Clifford superconnection (CSC), c.f. [11] . In this case we have (c.f. loc. cit.)
is one to one 7 . Note that because of the generalized Leibniz rule any superconnection locally takes the form
In particular, in the case of a CSC
where ω Cl denotes the induced Levi-Civita form on the Clifford bundle C(M) and A, B ∈
[
denotes a spin-manifold, then any CSC is of the form (c.f. [11] )
Clearly, the notion of a CSC completely parallels that of a Clifford connection and coincides with the latter iff B ≡ 0. However, in general a CSC is not just defined by an element of
. This will be of crucial importance in what follows. Indeed, in [10] it was shown how the combined Einstein-Hilbert-Yang-Mills (EHYM-) action functional can be derived using non-SDO's. Before we define a particular functional on D(E) we still give another Remark 6: LetD ∈ D(E) be a Dirac operator on E and ∇ ∇ E the corresponding CSC. Then, we have∇
where
In particular,∇ ′E ∼∇ E , where the latter is defined by (44). Note, the local decomposition of the form ω ∈ Ω 1 (M, End + (E)) may also contain a degree [k] = 1 form.
After summarizing the notion of Clifford modules and generalized Dirac operators we have also proved some lemmas, which permit an understanding of the relations between Dirac operators and connections on a Clifford module bundle. The reason to clarify these relations mainly is motivated by the following Definition 6: Let (M, g) be a closed, compact, orientable Riemannian manifold of even dimension (m = 2n > 2) and without boundary. Also, let (E, c) be a Clifford module bundle over M and let D(E) be the affine space of all (generalized) Dirac operators compatible with the Clifford action c on E. Then, we introduce the functional
Here, res means the Wodzicki residue, which in this case takes the explicit form (cf. [15] , [16] , [17] , [18] )
and where the endomorphism F∇ E ∈ Γ(End(E)) is given by (47).
Since there exists a connection∇ E ∈ A(E) for everyD ∈ D(E), so thatD =D∇ E , this functional may be interpreted, alternatively, as a functional defined on A(E). However, we are interested less in the functional (66) itself than in the fact that for a given Dirac operator D ∈ D(E) the Wodzicki residue ofD −2n+2 can be considered as a functional
of all connections∇ E ∈ A(E) so that c(∇ E ) =D. In other words: with respect to a given Dirac operator (68) can be considered as a certain functional on the subspace of all (endomorphism valued) differential forms defining this Dirac operator. In the case thatD denotes a SDO the functional (68) is proportional to the Einstein-Hilbert action. We again stress that this was recognized by Connes, c.f. [5] and was proved in [19] . From a more general point of view (see below) this was also discovered in [18] , which in turn was the starting point to deal with non-SDO's in [20] and [10] . There is still another motivation for (68); the connection of (68) to the heat trace associated with (the square of) a Dirac operator. For this let us remind that there is a natural functional
Though in general one is not able to calculate this functional, it is well-known that it has an asymptotic expansion:
where the coefficients (Seeley-DeWitt coefficients)
are known to contain geometric information. In particular, the subleading term σ 2 (D 2 ) is of the general form (c.f. [22] ):
and thus is proportional to (66). Of course, this is by no means accidental. In general, for all
From this point of view the statement of our main theorem (as given in the introduction) may be rephrased as follows:
There exists a Hamiltonian (generalized Laplacian) H such that the subleading term in the asymptotic expansion of the corresponding heat trace associated with this Hamiltonian is proportional to the classical bosonic action of the standard model with gravity including. Moreover, this Hamiltonian has a square root, H =D 2 , which gives rise also to the fermionic action of the standard model.
In what follows we assume that M denotes a spin manifold 8 . Although this is not necessary, since we are only interested in local objects (densities), it simplifies notation. Consequently, the (total space of the) Clifford module bundle globally takes the form: E = S ⊗ E. To get in touch with gauge theory we assume that E denotes an associated (hermitian) vector bundle: E = P × ρ V , where P is a G-principal bundle over M and ρ : G → V is a unitary representation of the (real, compact and semi-simple) Lie-group G on a hermitian vector space V . By G we denote the corresponding Lie-algebra of G and by ρ ′ the induced representation of G on End(V ).
Consequently, any connection form A on E takes its values in ρ ′ (G) ⊂ End(V )
. This offers the possibility of defining the slightly more general functional 9 ,
Here, ζ ∈ Γ(End(E)) denotes an element of the commutant defined by (G, ρ). More precisely. Let us recall the simple fact that any section s ∈ Γ(E) in an associated vector bundle E = P × ρ V uniquely corresponds to an equivariant sections ∈ Γ aq (P, V). Here, equivariant means:s(pg) = ρ −1 (g)s(p), ∀ g ∈ G, p ∈ P. We then have the following 
withD ∈ D(E), let us denote byz ∈ Γ aq (P, End(V)) an element of the commutant
and by z ∈ Γ(End(E)) its corresponding section in the endomorphism bundle associated with E 10 . Since End(S) is simple, this generalizes to End(E) via ζ := 1 S ⊗z. We impose the following three conditions on ζ: it is a positive operator (ζ > 0) and satisfies [D, ζ] = [χ, ζ] = 0, where χ ∈ Γ(End(E)) denotes the grading operator on E = E + ⊕E − .
Lemma 5: As a consequence, ζ α has a constant spectrum (i.e. it is independent of x ∈ M)
and the operator: ζ α D 2 is elliptic for any power α ∈ R. Using this, we obtain
Proof: Let us denote by specζ(x) = {λ 1 · · · λ k }| x , x ∈ M the spectrum of the positive operator ζ ∈ Γ(End(E)). Here, k indicates the number of distinct eigenvalues of ζ. We first prove that the spectrum is independent of x ∈ M.
Since z ∈ C ρ (G) this section is gauge invariant. I.e. for all gauge transformations f ∈ Γ eq (Aut(P)) ≃ Γ(P × ad G) of P we have: f * z = z. Hence, it is sufficient to consider a local situation. Using the fact that locally, any Dirac operatorD ∈ D(E) may be written as
it follows that [D, ζ] = 0 is equivalent to
However, the latter implies: dz = 0. Indeed,
) and thus [A, z] = 0. Consequently, ζ must be constant, which yields the first assertion.
Since the spectrum of z is constant we get
Hence,
whereD j is the restriction ofD to E j := S ⊗ E j . Consequently, we end up with
which implies
and thus proves the lemma, when ζ is replaced by ζ −n+1 .
Since we now have fixed the mathematical frame we conclude this part by summarizing the proposed model building kit as follows: Let
be a given generalized Dirac operator defined on a Clifford module bundle E. Then, the general action functional on A(E) × Γ(E) is defined as
where c(∇ E ) =D.
Part 2: The Standard Model
In this part of the paper we are concerned with the application of the kit introduced in part 1 concerning the standard model of particle physics. We therefore shall introduce in the following section an appropriate generalization of the Dirac-Yukawa operator and prove our main theorem. Moreover, we shall discuss some consequences regarding the various parameters involved in the model.
The Dirac-Yukawa operator and the EHYMH-Action
To get started let us give the following Definition 8: Let E := S ⊗ E be a Clifford module bundle with a twisting graduation (E = E L ⊕ E R ) and denote by 12 χ := γ 5 ⊗χ E the appropriate grading operator:
Dirac operator D φ is called a (euclidean) Dirac-Yukawa operator if it takes the form
where D is a SDO andφ ∈ Γ(Hom(E R , E L )).
Since the Yukawa coupling (9) geometrically can be considered as defining a particular section φ (see below) one may try to naturally generalize the operator (86) in such a way that it not only defines the fermionic action (8-9) but also yields the bosonic action (10-11). Here, "naturally" means that the generalization of (86) is determined by those elements only which already determine the Dirac-Yukawa operator, i.e. by (g, φ, A). 
defined onẼ := S⊗Ẽ yields 
12 Later we shall be mostly interested in the case n = 2.
Here, Φ := γ 5 ⊗ φ and F ∈ Ω 2 (M, ρ ′ (G)) is the Yang-Mills curvature, induced by the gauge potential A in the definition of the SDO D ∈ D(E). The covariant derivative ∇φ is defined with respect to the adjoint representation of G, where the φ sits in 13 . The a's denote arbitrary (complex) constants. The structure group G is assumed to act onẼ := E⊕E via the representatioñ ρ := ρ⊕ρ, and the automorphismẼ J −→Ẽ denotes the corresponding "complex structure" onẼ.
Moreover, we have used the canonical identification
for all A, B ∈ End(E). Note, in what follows we do not distinguish between the Clifford action c on the Clifford module E and the corresponding actionc := c⊕c on the (canonically) induced Clifford moduleẼ. Likewise, we do not distinguish between the representation ρ andρ.
Consequently, if the constant a 3 is purely imaginary and the other constants are real, the functional (74) with respect to the generalized Dirac-Yukawa operator (87), becomes proportional to the Einstein-Hilbert-Yang-Mills-Higgs action (EHYMH) of the standard model. Moreover, if one considers "diagonal sections":ψ := (ψ, ψ), ψ ∈ Γ(E) only, the fermionic functional in (85) becomes proportional to the Dirac-Yukawa action. Note, in (85) there is still a length scale missing because the fields do not yet have the right dimensions. This will be discussed in the next section where we shall consider some constraints of our approach to the standard model.
Remark 7:
The (euclidean) Dirac-Yukawa operator (86), is uniquely defined by the Clifford superconnection
on E, where we have used the fact that the grading operator γ 5 of the spinor bundle S is proportional to the volume form on M. More precisely, we have c(i
Hence, the (euclidean) Dirac-Yukawa operator is determined by a 1-form (gauge potential) and the 2n-form in (91). In four dimensions, however, the most general Dirac operator in addition depends on a zero form, a two form and a three form. By considering only those forms which already determine the Dirac-Yukawa operator (91) naturally yields the following ansatz
onẼ. Note that the forms within the brackets are even with respect to the total degree and hence J (· · ·) becomes odd (c.f. also the final section.). It is easily checked that
with ∇ ∇Ẽ := ∇ S ⊗1 E +1 S ⊗∇ ∇Ẽ.
There are two interesting choices for the constants a k so that (87) takes a particularly nice geometric form: First, the most natural choice is a k ≡ 1, ∀ k = 0, 2 · · · 4. In this case the Dirac operator (87) readsD
with the "super relative curvature"
However, there is still another nice choice:
), a 2 = a 4 := 1; in this case the generalization (87) of the Dirac-Yukawa operator (86) reads
with the "Higgs-form" ω φ := δ ξ Φ ∈ Ω 1 (M, End + (E) ) and the relative curvature R∇E :
the Dirac operators D∇ ∇Ẽ , D∇Ẽ , however, are different. Therefore, strictly speaking, the definition (87) gives a whole class of Dirac operators, parametrized by the constants a o , . . . , a 4 , and which all yielding (88).
After this remark let us turn to the proof of the theorem.
Proof: Clearly, to prove this theorem we just have to calculate the endomorphism (47) with respect to the Dirac operator (87). This tedious but straightforward calculation can most easily be achieved using the local form of (47): In particular, we may choose∇Ẽ such that
Note, we have already omitted ω 1 := ω S ⊗1 E + 1 S ⊗A, which would change the Clifford connection ∇Ẽ only and not the functional (88) by corollary 1. The main advantage of the local form (97) is that the whole calculation becomes purely algorithmic. Moreover, because of the trace trẼ in (77) one only has to calculate the last four terms in (97). For the same reason most of the terms to be calculated will drop out. Indeed, using (98), it is easily checked that the two derivative terms in (97), actually, do not contribute to the functional (74). Hence, all it is left to be done is to calculate the last two quadratic terms in (97) up to "traceless" contributions. This calculation becomes even more simplified by the Remark 9: Let E j , j = 1, 2 be two Clifford modules over M with the appropriate actions c j . Then, (E, c) with E := E 1 ⊕ E 1 and c := c 1 ⊕ c 2 is also a Clifford module. The most general Dirac operator on this Clifford module takes the form
where, respectively,D j ∈ D(E j ), j = 1, 2, A 12 ∈ Γ(Hom(E 2 , E 1 )) and A 21 ∈ Γ(Hom(E 1 , E 2 )). The
Wodzicki residue ofD −2n+2 is such that there are no terms "mixing the diagonal with the off-diagonal", c.f. [10] .
As a consequence, in calculating the corresponding quadradic terms of (97), products of the generic form ω 4 ω k , k = 0, · · · , 3 may be omitted as well. As a result we end up with
and
Note that both equalities hold up only to traceless terms! Finally, if we put all together, the theorem is proven.
To summarize: we have introduced a certain Dirac operator (87), generalizing the DiracYukawa operator (86), such that the functional (74) looks like that of the bosonic action of the standard model with gravity including. This result is independent of the specific structure group G and its appropriate (fermionic) representation. To get in touch with physics, however, we also have to specify the pair (G, ρ). In other words, we have to define the generalized Dirac operator of the standard model.
The generalized Dirac-Yukawa operator of the standard model
To begin with, we give the following Definition 9: Let E be a twisted spinor bundle, so that E = E L ⊕E R . We call
the generalized Dirac-Yukawa operator of the standard model provided the structure group G takes the form
and has the (fermionic
on the typical fiber
Moreover, the Dirac operator
is the generalized Dirac-Yukawa operator (87), where the homomorphismφ
is defined byφ
Here, respectively, g 
In other words, when the Yukawa coupling is of the form as defined by (9) the corresponding hypercharges are not all independent but have to satisfy the relations (112). Moreover, since we know the electrical charge of the particles, the numerical values of the "y ′ s" are fixed:
This is a consequence of the generalized Gell-Mann-Nishijima relation
} is a basis of the maximal Cartan subalgebra of ρ ′ (su(2)⊕ u(1) ), so that iQ generates the residual structure group -in more physical terms the "electromagnetic gauge group"
in the fermionic representation ρ after the mechanism of spontanous symmetry breaking is established. To make the latter more precise mathematically, let us remember how the notion of spontaneous symmetry breaking can be geometrically rephrased in terms of the reduction of a G-principal bundle, c.f. [23] , [24] .
Let therefore H ⊂ G be a Lie-subgroup of G and, respectively, P G and P H be the (total spaces of the) corresponding principal bundles over the same base manifold M. Then, P H is called an H-reduction of P G iff P H ⊂ P G is a submanifold, so that the injection P H ֒→ P G is a bundle homomorphism. A necessary and sufficient condition for a G-principal bundle P to be H-reducible is that the P−associated fiber bundle P G /H → M, with typical fiber G/H, admits a global section. 
Here, E h denotes the (total space of the) bundle where the Higgs field lives in (see below) and, in principle, V may be any gauge invariant polynomial of order less or equal then four of the 14 As usual we use {E k } 1≤k≤12 := (i λ a )/2, (i τ b )/2, i 1≤a≤8 1≤b≤3 as a basis of su (3)⊕su (2) 
Here, respectively,
denote the su(3), su(2) and u(1) valued curvatures with respect to a local coordinate system and in the fundamental representation. Moreover, the covariant derivatives, acting on the Higgs field ϕ and on the fermions Ψ, are locally defined as
where again (g (3) , g (2) , g (1) ) are the coupling constants and {iF a , iT b , iY}1≤a≤8 16 Again, when restricted to diagonal sections. 
2α 4 3λ q trg * q g q + λ l trg *
with the abbreviations
